Mathematical models are important tools for optimizing the design and operation of solid-state fermentation (SSF) bioreactors. Such models must describe the transport phenomena within the substrate bed and mass and energy exchanges between the bed and the other subsystems of the bioreactor, such as the bioreactor wall and headspace gases. The sophistication with which this has been done for SSF has improved markedly over the last decade or so. The current article reviews these advances, showing how the various transport phenomena have been modeled. It also discusses the insights that have been achieved through the modeling work and the improvements to models that will be necessary in order to make them even more powerful tools in the optimization of bioreactor performance.
Introduction
Mathematical modeling is an essential tool for optimizing bioprocesses. Not only can models guide the design and operation of bioreactors but they can also provide insights into how the various phenomena within the fermentation system combine to control overall process performance. However, it is only over the last decade or so that concerted efforts have been made to develop mathematical models of solid-state fermentation (SSF) processes. The present work reviews the advances that have been made over this period.
The various mathematical models that have been proposed to date in the area of SSF can be divided into two categories, macroscale models and microscale models [1] . Macroscale models are those that concern themselves with the operation of bioreactors. They describe mass and heat transport processes across the substrate bed, but typically treat phenomena at the level of the individual particle in a highly simplified manner. As such, they could also be referred to as SSF bioreactor models. Microscale models are those that concern themselves with the phenomena that occur on and within individual particles and do not attempt to describe the performance of the bioreactor as a whole. Clearly, the performance of an SSF bioreactor can potentially be limited either by the phenomena that occur at the level of the whole bed or by the phenomena that occur within individual particles, so both types of models are important, despite their differing objectives.
The aim of SSF bioreactor models is to describe how the performance is affected by the various operating variables that can be manipulated in an attempt to control the process. For example, a mathematical model will enable predictions of how the flow rate, humidity and temperature of the inlet air will affect the temperature and water content of the substrate bed, and in turn, how these system variables will affect microbial growth and product formation. Therefore bioreactor models can be thought of as consisting of two sub-models: the kinetic sub-model and the balance/transport sub-model (Fig. 1) . The balance/transport sub-model describes mass and heat transfer within and between the various phases of the bioreactor, while the kinetic sub-model describes how the growth rate of the microorganism depends on the key local environmental variables.
Mathematical modeling in SSF is reviewed in two parts. The current part reviews the balance/transport sub-models of bioreactors. Part II reviews both the kinetic sub-models of bioreactor models and microscale models of those processes associated with growth that occur at the level of individual particles [2] . Both these reviews aim to give an insight into how the various phenomena that occur within the system can be described mathematically. To this end key model equations are reproduced and discussed. However, the sets of equations that constitute the various models that are discussed are not reproduced in their entirety. Readers wishing to understand individual models in detail must refer to the original works. Also discussed are the insights that have been achieved through the modeling work, and improvements to models that will be necessary in the future. The current part of the review is organized on the basis of the various bioreactor types that are used in SSF. In presenting the balance equations, the terms linked with growth, for example heat production and O 2 consumption, are replaced with a simple rate term, since the mathematical form of such terms is the subject of Part II [2] .
State of the art in modeling mass and energy balances in tray bioreactors
In the first models of tray bioreactors, pseudo-steady-state approximations were made in order to investigate specific aspects of tray bioreactor performance. Ragheva Rao et al. [3] made a pseudo-steady-state approximation for O 2 diffusion with the bed to arrive at an algebraic equation that gave the O 2 concentration profile as a function of height within the bed. This was used to calculate a critical bed height. At bed heights greater than the critical height, O 2 limitation occurred in the deeper regions of the bed during the fermentation. However, as later work showed that high temperatures are a more important limiting factor in tray bioreactors than O 2 exhaustion, this concept is of limited usefulness. Szewczyk [4] wrote a pseudo-steady-state energy balance to arrive at an algebraic equation that gave the temperature profile in the bed as a function of depth and used this equation to explore the effectiveness of surface cooling in controlling the temperature within the bed.
The more recent models of Rajagopalan and Modak [5, 6] and Smits et al. [7] consider both mass and energy balances and do not make the pseudo-steady-state assumption. In these two models, the systems are visualized slightly differently (Fig. 2) .
Oxygen balances for tray bioreactors
The balance equations for O 2 within the bed have terms for O 2 diffusion within the pores and uptake by the microorganism. However, due to the different ways in which the system was visualized, the equations appear slightly differently. The equation used by Smits et al. [7] to describe the O 2 balance within the bed is relatively simple: being an effective diffusivity that accounts for the fact that the pores represent only part of the overall volume of the bed and provide a tortuous path for diffusion.
The model of Rajagopalan and Modak [5] recognizes the existence of a biofilm of biomass covering the particles within the bed. In this case, the equation for O 2 transfer within the pores of the bed is
where C O 2 is the concentration of O 2 within the pores, ε the porosity of the bed, K a the mass transfer coefficient for O 2 at the air/biofilm interface, a x the area of the air/biofilm Fig. 2 . Comparison of the manners in which the tray models of (A) Rajagopalan and Modak [5, 6] and (B) Smits et al. [7] treat the tray system.
interface per unit volume of the bioreactor, H the Henry's law constant and C f O 2 the concentration of O 2 within the biofilm. Another equation is required to describe O 2 uptake by the biomass. A pseudo-steady-state approximation was used to describe the rate of transfer of O 2 into the biofilm:
This implies that the film
) is assumed to adjust such that the rate of O 2 transfer is equal to the rate of O 2 uptake, which was assumed to depend on O 2 concentration according to Monod kinetics.
In this model, the change in gas concentration as it flows in the headspace across the bed surface was also modeled. It is described by
where
is the concentration of O 2 in the headspace, x the horizontal coordinate in the headspace, L the height of the bed and z h the height of the headspace. The first term on the RHS describes convection in the headspace across the surface of the bed and the second term describes transfer from the headspace to the bed.
In their later version of this model [6] , the porosity was not a constant but a function of growth and the biofilm was not treated as though it were well mixed, such that the O 2 concentration at the surface of the biofilm (C f O 2 | R(t) ), appears explicitly in the term that describes transfer of O 2 across the gas/biofilm interface:
and another partial differential equation was used to describe the O 2 diffusion and reaction within the biofilm itself:
where r is the radial coordinate within the substrate particle.
The first term on the RHS describes diffusion of O 2 within a sphere. The radius of this sphere increases during growth due to expansion of the biofilm. Which of these approaches is better for the modeling of O 2 transfer within bioreactors depends on the aim of the modeling and the experimental information available. The necessity to write an O 2 balance for the headspace as was done by Rajagopalan and Modak [5] is unclear since experimental attention has not been given to headspace O 2 concentrations. The later model of Rajagopalan and Modak [6] explicitly describes the various steps in O 2 transfer to and within a biofilm growing at the particle surface and therefore is more mechanistic, providing the basis for an investigation into whether diffusion of O 2 within the pores, transfer from the pores to the biofilm or diffusion within the biofilm is the limiting step in O 2 transfer. However, if there is good empirical data on which to express O 2 consumption rates, then the approach of Smits et al. [7] might be preferable due to its simplicity.
Water balances for tray bioreactors
To date only the model of Smits et al. [7] describes the water balance in the substrate bed within the tray. It is described by the following equation:
where C W is the liquid water concentration per unit volume of bed, C VAP the water vapor concentration per unit volume of bed, D * VAP the effective diffusion coefficient of water vapor within the bed and r H 2 O the metabolic rate of water production. The first term within the square brackets on the RHS represents the evaporation of water. The rate of evaporation depends on the rate of change in the bed temperature, given that the air is assumed to be in equilibrium with the solid. The second term within these brackets represents the diffusion of water vapor within the void spaces.
However, the necessity for a water balance is not clear. Simulations with the model suggested that the diffusion of water was not important for a tray incubated in a 98% relative humidity headspace [7] . It might become important if the tray were incubated within a drier atmosphere in order to promote evaporative cooling, although such a strategy would quickly lead to drying out of the bed surface.
Energy balances for tray bioreactors
The energy balance in the model of Rajagopalan and Modak [5, 6] takes into account conduction (the first term on the RHS) and metabolic heat production (the second term on the RHS):
where ρ s is the density of the bed, C ps the heat capacity of the bed, T the bed temperature, k b the thermal conductivity of the bed and r Q the rate of metabolic heat production by the microorganism. The balance of Smits et al. [7] has an additional term to describe evaporative heat removal (the last term on the RHS):
where H is the enthalpy of the bed, which is a function of temperature and λ the enthalpy of vaporization of water. The second term on the RHS describes conduction within the bed, whereas the third term on the RHS describes the removal of heat by the evaporation and diffusion of water, with the airspace in the pores of the bed assumed to be in moisture and thermal equilibrium with the solid. However, in typical use of tray bioreactors the evaporation term is unlikely to be necessary, since the simulations of Smits et al. [7] showed that the contribution of evaporation to cooling would be negligible if the tray were incubated in a 98% relative humidity environment.
Key insights obtained from tray bioreactor models and future improvements needed
Rajagopalan and Modak [5] used their model to explore the interactions between bed height and headspace air temperature, concluding that for adequate temperature control the optimum strategy was to use a thin bed, of around 1-3 cm height, and a headspace air temperature near the optimum temperature for growth.
Oxygen limitation within the biofilm is unavoidable, even when the O 2 concentration in the gas phase at the surface of the biofilm is high [6] . Of course, this limitation is intrinsic to all SSF processes, regardless of bioreactor type [8] . In trays that allow for O 2 exchange with the headspace only at the upper surface of the bed, O 2 supply to the biofilm can become limiting in the lower regions of the bed, although the importance of this effect in relation to heat transfer limitations depends on the height of the bed and the relative values of the effective O 2 diffusivity and the thermal conductivity [7] .
The limitation of mass and heat transfer in trays to diffusion and conduction limits the ability to influence the environmental conditions within the bed of a tray. As such, further mathematical modeling work will probably be of limited use in the further optimization of design and operation of individual trays. However, the question of air flow within the headspace of the chamber does deserve some attention. Further, from the point of view of understanding trays better, modeling and experimental work could be done to evaluate the importance of natural convection within the bed, which can potentially occur due to the temperature gradients that arise.
State of the art in the modeling of packed-bed bioreactors
Although packed-bed bioreactors do not necessarily have to be vertical, in this section it is assumed that the bioreactor sits in a vertical orientation and is aerated from the bottom, as shown in Fig. 3 , and the term horizontal conduction is used to denote conduction normal to the direction of the air flow. The symbol z is used to denote vertical position, the symbol x to denote horizontal position in rectangular geometry and the symbol r to denote horizontal position in cylindrical geometry. Note that it is not necessary to model O 2 uptake in packed-bed bioreactors because the forced aeration means that O 2 will not be limiting. In fact, aeration rates are determined by the need to remove heat rather than the need to supply O 2 .
Energy balances within packed-bed bioreactors
The first models of packed-bed bioreactors did not include the contribution of evaporation to the energy balance and even some more recent models omit evaporation [9] [10] [11] . The energy balance of Sangsurasak and Mitchell [12] does include evaporation and describes heat transfer in both the vertical and radial directions within a cylindrical geometry:
where C pb is the heat capacity of the bed, ρ b the density of the bed, C pa the heat capacity of the moist air, ρ a the density of the air and V z the superficial velocity of the air. On the RHS, the term within the square brackets describes radial conduction while the second term describes axial conduction. The term that deserves attention is the second term on the left-hand side (LHS), which describes both convective and evaporative heat removal. The combination fλ arises from the assumption that the air remains saturated as it flows through the bed: the evaporation of water to maintain saturation gives the air a higher apparent heat capacity. Ideally the saturation water content of the air should be described by the Antoine equation but the linear approximation that is used in this equation is reasonable over temperature ranges of about 20 • C. This equation has also been used to describe the situation where the bed is wide enough for horizontal conduction to make a negligible contribution to heat removal, in which case it is simply necessary to remove the terms within the square brackets on the RHS of Eq. (10) to give the following equation [13, 14] :
To describe the energy balance within the Zymotis bioreactor, the axial conduction term can be removed because it is small compared to axial convection and replaced by a term describing horizontal conduction to the heat transfer plates within the bed [15] :
Only one horizontal direction is described since is assumed that horizontal heat transfer parallel to the heat transfer plates is negligible.
Combined mass and energy balances within packed-bed bioreactors
In the modeling studies cited above, although evaporation was taken into account in the energy balance, no water balance was included in the model. These models therefore allow all the water in the substrate to evaporate without predicting a decrease in growth rate. Such models are appropriate only for situations in which the evaporation of water during the fermentation does not significantly decrease the water activity of the substrate. However, this is often not the case and therefore Weber et al. [16] wrote both energy and water balances, using the pseudo-steady-state approximation. The energy balance is
where F air is the air mass flow rate, T ref the reference temperature for the enthalpy values, y VAP the gas phase humidity, C pg the heat capacity of dry air and C pVAP the heat capacity of water vapor. In this equation, y VAP is derived from the Antoine equation. The balance for extracellular water is
where C s is the mass of dry solids per unit volume of the bioreactor, X ws the mass ratio of water to dry solids, r H 2 O ext the rate of generation of extracellular water by the growth reaction and H the height of the bed. The second term on the RHS describes the change in extracellular water content due to the consumption of dry solids in the growth reaction, while the last term on the RHS represents a linear approximation of the water vapor profile within the bioreactor, where y in and y out are the inlet and outlet humidities. The solution of these equations suggests that the axial temperature gradient is highest at the inlet and decreases constantly with axial distance. This, combined with the exponential relationship of water vapor concentration with temperature as described by the Antoine equation, causes the water vapor concentration to increase almost linearly with axial distance [16] .
Key insights obtained from packed-bed bioreactor models and future improvements needed
The various mathematical models of packed-bed bioreactors described above have been quite useful in investigating possible strategies for large-scale operation. Available operating variables for packed beds are the temperature, flow rate and humidity of the inlet air, and, for bioreactors where wall cooling can make a significant contribution, the position of heat transfer surfaces and the temperature of the cooling water can also be manipulated.
Axial temperature gradients are impossible to avoid within packed-bed bioreactors due to the use of convective cooling with unidirectional flow of air [13] . In fact, these temperature gradients can be considered to be pseudo-steady-state gradients since they depend on the rate of growth of the microorganism and this changes only relatively slowly during the fermentation [16] . The superficial velocity of this air is a key operating variable with higher superficial velocities decreasing the temperature difference between the inlet and outlet [14] . Current models do not recognize an upper limit on the superficial velocities that can be used. Acceptable superficial velocities could depend on considerations of pressure drop across the bed, but experimental studies have not yet been undertaken to define the practical limits in packed-bed bioreactors at large scale.
In wide bioreactors without internal heat transfer plates, the axial temperature gradient imposes a maximum height on the bed if it is desired to maintain the temperature rise over the bioreactor within predefined limits, with this maximum height depending on the maximum growth rate of the microorganism and the superficial air velocity used [14] . Therefore in the scaling up of such packed beds, the bed height can be increased only up to a certain point, after which increases in scale should be achieved with increase in diameter of the bed without further increase in height. Given typical growth kinetics, critical bed heights would be around 1 m [14] .
A model based on Eq. (11) was used to test the effect of periodic reversal of the air flow direction, with the rational being not to let either end of the bed reach high temperatures. However, the model predictions showed that, although this strategy helps to reduce the problem of high temperatures at the bioreactor ends, it causes very high temperatures to occur in the middle regions of the bioreactor, and therefore suggests that such a strategy should not be tried in practice [13] .
For bioreactors in which there are internal heat transfer plates, such as the Zymotis bioreactor of Roussos et al. [17] , mathematical modeling has been used to show that at large scale relatively small spacings will be required between the heat transfer plates, of the order of 5-10 cm, and that it is essential to control the temperature of the water in the cooling plates [15] . If the cooling water is kept at a constant temperature throughout the fermentation, it is impossible to prevent both overcooling of the bed during the early stages of the fermentation and overheating during the time of peak heat production. The model shows the advantage of the Zymotis bioreactor: the conductive heat removal to the plates minimizes the axial temperature gradient, especially in the upper regions of the bioreactor. The model predictions are consistent with experimental results for a 6 cm diameter 35 cm high packed bed with a water jacket, in which there was a significant temperature gradient in the bottom 5 cm near the air inlet but a relatively small gradient in the upper regions [9] .
It is not practical to add water during the fermentation to the static bed within a packed-bed bioreactor. Unfortunately it is impossible to prevent evaporation even if saturated air is used at the air inlet, because the axial temperature gradient increases the water-carrying capacity of the air. In the absence of water addition, it is possible that the substrate can dry sufficiently to cause moisture limitation of growth. Models that include water balances, such as that of Weber et al. [16] are essential to predict the degree of drying that will occur. Although a water balance was not included in the model of the Zymotis bioreactor [15] , if it had been it would have shown a further advantage of the Zymotis bioreactor: the smaller axial temperature gradient minimizes the evaporation and therefore the problems of drying out of the substrate bed during the fermentation are decreased.
State of the art in the modeling of intermittently stirred, forcefully aerated bioreactors
A number of SSF bioreactors have been built that are similar to packed beds in that the substrate bed spends long periods in static mode with forced aeration, the difference being that the bioreactor contains an agitator that allows for intermittent agitation [18] [19] [20] [21] [22] . The static periods of operation of such a bioreactor can be expected to have much in common with a packed-bed bioreactor. In fact, Eq. (11) was used to model the energy balance during the static periods in an intermittently stirred forcefully aerated bioreactor [13] . The effect of mixing was modeled by assuming instantaneous mixing events in which the energy content and the biomass content of the bed were averaged over the whole bed. No deleterious effect of mixing on the growth of the microorganism was incorporated into the model. Simulations with this model suggest that after a mixing event the pseudo-steady-state temperature profile that would be expected during packed-bed operation is reestablished. For a superficial velocity of 0.02 m s −1 this would take of the order of 30 min for a 35 cm bed [13] . The temperature at the top of the bed can reach values in excess of that expected for packed-bed operation because during the time in which pseudo-steady temperature profile is being reestablished the cooling effect is concentrated in the lower regions of the bioreactor. The only way to operate an intermittently agitated bioreactor so as maintain the temperature at the top lower than the pseudo-steady-state temperature is to mix at least every 5 min [13] .
Unfortunately, there has been no experimental work done to confirm these predictions. Several improvements to this model are desirable. The effect of mixing on growth should be included but unfortunately the current state of knowledge about the effect of mixing on growth is currently not sufficient to allow the proposal of equations suitable for incorporation into bioreactor models. Also, intermittent mixing events would allow the use of dry air in order to promote evaporation, but in this case the model would need to be rewritten to recognize the substrate and air as separate phases, rather than the current strategy of considering a single pseudo-homogeneous phase with the average properties of the substrate particles and the interparticle air, and to use mass and heat transfer terms to describe heat and mass transfer between these two phases instead of assuming equilibrium.
State of the art in the modeling of rotating-drum bioreactors
The rotating-drum bioreactor model of Stuart [23] involves three subsystems, the substrate bed, the headspace gases and the bioreactor wall. Each is treated as a well-mixed system. An energy balance is written over each of these (Fig. 4 ). The energy balance over the substrate bed is Fig. 4 . The various subsystems in a rotating-drum bioreactor (with the subscripts used by Stuart [23] ) and the mass and heat exchanges between them.
where on the LHS of the equation T s is the temperature of the substrate bed and M is its dry mass, C pm the heat capacity of the dry solids, W the water content of the bed and C pw the heat capacity of liquid water. The second term on the RHS describes heat transfer from the substrate bed to the bioreactor wall, where h sf is the heat transfer coefficient, A sf the area of contact and T f the wall temperature. The third term describes convective heat transfer from the substrate bed to the headspace air, where h sa is the heat transfer coefficient, A sa the area of contact and T a the headspace air temperature. The fourth term describes evaporative heat removal where k is the mass transfer coefficient, C I the vapor concentration in equilibrium with the solids, C B the vapor concentration of the headspace. The symbols λ and C pVAP have been previously defined.
The energy balance over the headspace is
where on the LHS of the equation G is the mass of dry gas in the headspace and H the humidity in the headspace. The first two terms on the RHS are the sensible energy entering and leaving the bioreactor in the air stream, where T i , F i and H i are the temperature, flow rate and humidity of the inlet air, C pg the heat capacity of dry air and F o the outlet air flow rate. The third term takes into account sensible energy changes of the water that evaporates into the headspace. The fourth term describes convective heat transfer from the bed to the headspace, being identical to the term in Eq. (15) but with opposite sign. The last term describes the convective heat transfer between the bioreactor wall and the headspace air, where h fa is the heat transfer coefficient and A fa the area of contact between the wall and the headspace air. The energy balance over the bioreactor wall gives
where on the LHS V f is the volume of metal in the body of the bioreactor, ρ f its density and C pf its heat capacity. The first term on the RHS describes heat transfer between the substrate bed and the bioreactor wall and the second term describes heat transfer between the headspace and the bioreactor wall. These terms appeared in Eqs. (15) and (16) with opposite signs. The third term describes heat transfer between the bioreactor wall and the external air, where h fe is the heat transfer coefficient, A fe the area of contact between the bioreactor wall and the external air and T e the temperature of the external air. The mass balance for water over the substrate bed is
where the first term on the RHS describes the loss of water from the substrate bed by evaporation and the second term the production of metabolic water as a result of growth. Another mass balance can be written for water over the headspace:
where the three terms on the RHS represent the entry of water with the inlet air, the exit of water with the outlet air and evaporation from the bed into the headspace air. The model predictions of temperature profiles for the substrate, bioreactor wall and headspace gas agreed reasonably well with experimental results for SSFs in a laboratory scale rotating-drum bioreactor [23] . The fact that the model recognized the bioreactor wall as a separate system, something which is rarely done in modeling of SSF bioreactors, allowed it to identify that the wall temperature will be higher than the headspace temperature, such that the direction of transfer is from the wall not only to the outside air, but also to the headspace gases. This heating of the headspace air reduces its convective cooling capacity but increases its evaporative cooling capacity.
Simulations with the model suggest that heat removal through the bioreactor wall to the surrounding air can be important at small scale, but that at large-scale evaporation must be promoted in order to provide rapid cooling. For example, the model suggests that a rotating-drum bioreactor of 20 m 3 containing 2000 kg of fermenting substrate would require aeration rates of the order of eight volumes of air per bioreactor volume per minute, with the air being almost dry, in order to control the temperature of the bed adequately.
Several improvements could be made to this model. The model assumes that the bed volume remains constant during the fermentation, despite the loss of substrate dry matter as CO 2 . Volume losses could be modeled if it were known how the particle size reduced during the fermentation [2] . More importantly, the effective area for transport between the substrate bed and headspace air and how this depends on rotation rate is not known. Stuart [23] simply assumed a fivefold increase in transfer efficiency, but without any experimental data. Experimental work is needed in order to develop correlations of transfer coefficients with rotational speeds and with the presence and absence of lifters, which can then be incorporated into models of rotating-drum bioreactors.
It will not always necessarily be the case that rotatingdrum bioreactors can be considered to be well mixed, especially when large length to diameters are used and no special efforts are made to promote axial mixing. In such cases, axial dispersion of particles can be reasonably slow [24] . It is a relatively simple matter to assume perfect mixing in the radial direction but no or limited mixing in the axial direction, producing a model based on partial differential equations, although this has not yet been done. Likewise, the gas headspace will typically not be perfectly mixed and experimental work needs to be undertaken to characterize gas flow patterns in the headspace, as has been done by Hardin et al. [25] .
State of the art of modeling well-mixed bioreactors with forced aeration
The difference between the bioreactors discussed in this section and rotating-drum bioreactors is in the manner in which the bed is aerated. In forcefully aerated bioreactors the gas is blown directly into the substrate bed, improving the contact between the gas and the substrate particles, whereas in the rotating-drum the bed/headspace surface can limit transport. In the case of gas-solid fluidized bed bioreactors, typically the bioreactor can not only be assumed to be well mixed, but also convective heat removal is typically so effective that the energy balance is not even considered. For this reason, the models of these bioreactors focus on the intraparticle processes [26, 27] , which are discussed elsewhere [2] . The first model proposing water and energy balances for a well mixed forcefully aerated bioreactor was that of Sargantanis et al. [28] . More recent developments are described below.
A model used as a softsensor for on-line estimation of water content
Pena y Lillo et al. [29] used a model that assumed perfect mixing in order to use indirect on-line measurements to estimate the water content of the substrate bed. This allows water content to be used as the control variable even though on-line measurement of water content itself is not possible.
The overall energy balance is
On the LHS, C ptot is the total heat capacity of the bioreactor, including not only the moist solid bed but also the metal of the bioreactor walls. The contribution of the bioreactor wall to heat accumulation is typically neglected in bioreactor models [1] , but can be significant in large-scale bioreactors [29] . The parameter k exp is an empirical parameter that was necessary to account for errors introduced by the assumption of bed homogeneity, which was not achieved in practice. The second term on the RHS, that is, within the first set of square brackets, represents convective heat removal, where all the symbols are used as defined for previous models. The third term on the RHS represents evaporation. The term in the second set of square brackets represents heat transfer to the surroundings by natural convection and radiation, with the wall temperature being assumed equal to the bed temperature, where h is the convective heat transfer coefficient, A the wall area, T surr the temperature of the surroundings, the emissivity of the bioreactor walls and σ the Stefan-Boltzmann constant. The last term represents enthalpy changes associated with the seepage of water from the bed at the temperature of the bed and addition of water at temperature T w .
The balance for the water content of the substrate bed, X w , in kilograms of water per kilograms of dry solids, is expressed as
where r H 2 O represents the rate of metabolic production of water, which can be estimated from the CO 2 evolution rate with the known stoichiometry for the growth reaction. The second term on the RHS represents the addition of water, the third term the rate of water seepage from the bed, and the fourth term the rate of evaporation. M s is the total mass of dry solids. The last term accounts for the effect on the water content of the loss of dry weight of these solids during the growth process in the form of CO 2 .
With experimental measurements of the CO 2 production rate and the conditions of the inlet and outlet air, it was possible to use this model to predict the bed temperature and water content. The bed temperature was measured on-line and compared with the measured values. In experiments conducted with a 200 kg capacity pilot scale bioreactor significant deviations occurred between the measured and predicted temperatures, these deviations being attributed to measurement errors. On the other hand, predicted bed water contents agreed closely with values measured off-line, indicating that the model can be a useful softsensor for use in control of bioreactor water content [29] .
An extracellular water balance model for use in controlling water content
Nagel et al. [30] , recognizing the fact that the biomass water content and the water content of the residual substrate can be quite different, proposed a model in which the water balance was used to estimate the extracellular water content, which was used as a control variable in their control scheme. Extracellular, intracellular and headspace water pools were recognized (Fig. 5) .
The balance describing the change in the mass of extracellular water within the bioreactor (W ex ) is
The first term on the RHS represents the entry and exit of water in the inlet and exit air streams, where C w in and C w out are the humidities of these streams. The second term Since it is impossible to measure the extracellular water experimentally, it is necessary to use the model to predict the overall moisture content of the solid bed, allowing the model predictions to be compared against a variable that can be measured. To do this, it is necessary to describe the change in the dry weight of the residual wheat substrate (M wh ) as a function of time:
The first term in the parenthesis represents the loss of matter from starch as CO 2 while the second term represents the loss of matter from protein as CO 2 . MW S and MW N are the molecular weights of the starch and protein in the substrate, respectively, per carbon mole. The yield coefficients are self-explanatory. The overall moisture content of the solid bed (X w overall ) is then given as
where M x is the total mass of dry biomass, given by the measured growth kinetics, and W x the total amount of intracellular water, calculated on the basis of a constant biomass water content.
In this work, the rate of CO 2 production was measured experimentally, however, it could also be related to a growth kinetic equation. The model simulated well the changes in the overall water content for two different fermentations in a well-stirred scraped-drum bioreactor: one fermentation in which evaporative cooling was promoted and another fermentation in which evaporative cooling was minimized by maximizing the removal of heat through the bioreactor wall. In using this model within a bioreactor control scheme, control aimed at constant extracellular water content was found to be superior to control aimed at constant overall water content of the fermented solids [31] .
Use of simplified models for guiding the scale up of bioreactors
Saucedo-Castaneda et al. [32] pointed out that if the energy and moisture balance equations were equated to zero and if this equality could be maintained with scale then the balance equation could be used to guide the construction of large-scale bioreactors. For packed-bed bioreactors, this approach has been applied to the energy balance with the proposal of a modified Damkohler number [14] , and to both the water and energy balances [16] . It has also been used to show that at large-scale well-mixed bioreactors should perform better than packed-bed bioreactors [33] and to investigate the scale up of rotating-drum bioreactors [34] . However, despite the fact that such approaches might be attractive from the sake of simplicity, full dynamic models will always be much more powerful tools for guiding the optimization of bioreactor performance.
Conclusion
Over the past decade or so, there have been significant advances in the modeling of heat and mass transfer phenomena in SSF bioreactors, with models having been developed for all the major bioreactor types. Further, although initial work tended to focus on the energy balance, with the aim of preventing high temperatures, current models consider both the energy balance and the water balance, allowing their use in bioreactor control schemes designed to maintain both bed temperature and water content at the optimum values for growth and product formation. Various improvements that are desirable for the current models of specific bioreactor types have already been identified above. Some of the future advances in modeling of bioreactors may come from describing the kinetics of growth and the phenomena at the particle level in a less empirical manner than is done presently. This issue is discussed in Part II of this review [2] .
Currently there are no reports in the literature describing the use of mathematical models in the construction of large-scale bioreactors. However, mathematical models have now reached a level of sophistication which makes this not only possible, but also necessary; it is only through the use of mathematical models as tools during the design process and in the optimization of operation that SSF bioreactors will perform at their full potential and thereby maximize the economic performance of SSF processes.
